Abstract: Let Γ be a signed graph and let A(Γ) be the adjacency matrix of Γ. The nullity of Γ is the multiplicity of eigenvalue zero in the spectrum of A(Γ). In this paper we characterize the signed graphs of order n with nullity n − 2 or n − 3, and introduce a graph transformation which preserves the nullity. As an application we determine the unbalanced bicyclic signed graphs of order n with nullity n − 3 or n − 4, and signed bicyclic signed graphs (including simple bicyclic graphs) of order n with nullity n − 5.
Introduction
A signed graph is a graph with a sign attached to each of its edges. Formally, a signed graph Γ = (G, σ) consists of a simple graph G = (V, E), referred to as its underlying graph, and a mapping σ : E → {+, −}, the edge labeling. To avoid confusion, we also write V (Γ) or V (G) instead of V , E(G) instead of E, and E(Γ) = E σ . The underlying graph G of Γ is sometimes denoted by u Γ.
The adjacency matrix of Γ is A(Γ) = (a σ ij ) with a σ ij = σ(v i v j )a ij , where (a ij ) is the adjacency matrix of the underlying graph G. In the case of σ = +, which is an all-positive edge labeling, A(G, +) is exactly the classical adjacency matrix of G. So a simple graph is always assumed as a signed graphs with all edges positive. The nullity of a signed graph Γ is defined as the multiplicity of the eigenvalue zero in the spectrum of A(Γ), and is denoted by η(Γ). The rank of Γ is referred to the rank of A(Γ), and is denoted by r(Γ). Surely η(Γ) + r(Γ) = n if Γ has n vertices.
Let C be a cycle of Γ. The sign of C, denoted by sgn(C), and is defined as sgn(C) = Π e∈C σ(e). The cycle C is said to be positive or negative if sgn(C) = + or sgn(C) = −. A signed graph is said to be balanced if all its cycles are positive, or equivalently, all cycles have an even number of negative edges; otherwise it is called unbalanced. Recently the authors [12] investigate the nullity of signed graphs, and determine the unicyclic signed graphs with nullity n − 2, n − 3, n − 4, or n − 5. In this paper we characterize the signed graphs of order n with nullity n − 2 or n − 3, and introduce a graph transformation which preserves the nullity. As an application we determine the unbalanced bicyclic signed graphs of order n with nullity n − 3 or n − 4, and signed bicyclic signed graphs (including simple bicyclic graphs) of order n with nullity n − 5. We hope this work would be helpful to characterize the structure of signed graphs from the view of nullity.
Finally we note some work on the nullity of simple graphs. For a simple graph G of order n containing at least one edge, 0 ≤ η(G) ≤ n − 2. Cheng and Liu [3] characterize the simple graphs of order n with nullity n − 2 or n − 3. Cheng, Huang and Yeh [4, 5] characterize the simple graphs of order n with nullity n − 4 or n − 5. The characterization of simple graphs of order n with nullity n − 6 or more is still open. Much work is devoted to the nullity of special classes of simple graphs; see [11, 13, 15, 16, 17, 18, 22, 25, 26, 27, 29, 32, 34] . The work on the nullity of simple graphs were found to be useful in chemistry to investigate the stability of the alternant hydrocarbons ( [6] , [28] ), and is also of interest in mathematics itself, as it is closely related to the minimum rank problem of symmetric matrices whose patterns are described by graphs [9] .
Nullity of signed graphs
Some notations are listed below. Let Γ be a signed graph. Let v be a vertex of Γ and let U ⊂ V (Γ). Denote by N (v) the neighborhood of v in Γ, d(v) the degree of v (i.e. the cardinality of N (v)). Denote by Γ[U ] the induced subgraph of Γ on the vertices of U including the signs of edges. Denote by P r , C r , K r respectively a path, a cycle and a complete graph, all of which are simple graphs of order r. We use the notation G 1 + G 2 to denote the union of two vertex-disjoint simple graphs G 1 , G 2 .
Lemma 2.1. [12] (i) If T is an acyclic signed graph or a signed tree of order n. Then η(T ) = n − 2µ(T ).
(ii) If C n is a balanced cycle, then η(C n ) = 2 if n ≡ 0( mod 4) and η(C n ) = 0 otherwise. (iii) If C n is an unbalanced signed cycle, then η(C n ) = 2 if n ≡ 2( mod 4), and η(C n ) = 0 otherwise.
If a signed graph Γ contains at least one edge, then η(Γ) ≤ n − 2. By adopting the technique in [3] , We first characterize the signed graphs of order n with nullity n − 2 or n − 3. Proof. Let x 1 , x 2 be two vertices in X. If one of them is x, surely the assertion (i) holds. Now assume x 1 and x 2 are adjacent and neither of them is x. Since Γ contains no isolated vertices, Y is not empty.
is isomorphic to P 2 + P 2 , P 4 or K 3 with a pendant edge. In any case the subgraph Γ[x, x 1 , x 2 , y] has rank 4, a contradiction. For the assertion (ii), assume to the contrary, there exist x 1 ∈ X, y 1 ∈ Y such that x 1 is not adjacent to y 1 . Surely x 1 = x. As Γ has no isolated vertices, x 1 has a neighbor z, necessarily in Y by the result (i). The subgraph Γ[x, x 1 , y 1 , z] has rank 4 whether y 1 and z are adjacent or not, also a contradiction. Proof. The sufficiency is clear. So we only prove the necessity. First assume Γ has no isolated vertices. Choose an arbitrary vertex x in G. Let Y = N (x), X = V (Γ) − Y , both of which are nonempty. We assert any two vertices of Y are not adjacent; otherwise Γ contains a triangle which has rank 3 by Lemma 2.1. Then η(Γ) ≤ n − 3, a contradiction. Hence Γ is a complete bipartite graph by Lemma 2.2.
Next we show Γ is balanced. Otherwise Γ contains an unbalanced cycle, say C 2k . Further assume C 2k has the minimum length. By Lemma 2.1(iii), k ≥ 3, as an unbalanced C 4 would have rank 4. Adding an edge between two vertices on C 2k with distance 3, the cycle is split into two cycles C 4 and C 2k−2 , both being subgraphs of Γ. By the assumption on C 2k , C 4 is balanced, and hence C 2k−2 is unbalanced, a contradiction.
Finally, if Γ contains isolated vertices, letting H be the subgraph of Γ by deleting those isolated vertices, then r(H) = r(Γ) = 2. So H is a balanced complete bipartite graph. The result now follows.
Let G be a signed graph and let v be a vertex of G. The positive neighborhood (respectively, negative neighborhood) of v is the set of vertices joining v with positive edges (respectively, negative edges). Proof. If Γ is the graph as in the theorem, then Γ contains a triangle, and by Lemma 2.1, r(Γ) ≥ 3. From the matrix of A(Γ), all rows corresponding the vertices in a given part of the complete tripartite graph are same, which implies that r(Γ) ≤ 3. So the sufficiency follows. Now we prove the necessity. First assume Γ has no isolated vertices. Choose an arbitrary vertex x in G. Let Y = N (x), X = V (Γ) − Y , both of which are nonempty. By Lemma 2.2, any two vertices in X are not adjacent, and any vertex from X is adjacent to any vertex from Y .
We assert r(Γ − X) = 2. If r(Γ − X) > 2, then r(G) = r(Γ − X) = 3. So Γ − X contains an induced subgraph of order 3 (i.e. a triangle) with rank 3. Therefore, G contains K 4 as a subgraph. If K 4 contains an unbalanced C 4 , by Lemma 2.1(iii), r(K 4 ) = 4, a contradiction. Otherwise, by a little calculation we also get r(K 4 ) = 4, a contradiction. So r(Γ − X) ≤ 2. If r(Γ − X) < 2, then r(Γ − X) = 0, and hence Γ − X contains no edges. So, Γ is a complete bipartite graph, whose rank is an even number, a contradiction.
From above discussion, Γ − X is a balanced complete bipartite graph together with some isolated vertices by Theorem 2.3. If Γ − X contains isolated vertices, then Γ contains a triangle with an pendant edge as an induced subgraph. By Lemma 2.5 below, the latter subgraph has rank 4, a contradiction. So Γ is a complete tripartite graph. Write A(Γ) as the following form:
where each J ij (i = j) consists of entries 1 or −1. If there exists a row submatrix A i , say A 1 , has rank r ≥ 2, then A T 1 also has rank r, which implies that r(Γ) ≥ 2r ≥ 4, a contradiction. So, each row of A i is a copy of the first row of A i for i = 1, 2, 3. The result follows in this case.
If Γ contains isolated vertices, letting H be the subgraph of Γ by deleting those isolated vertices, then r(H) = r(Γ) = 3. So H has the property as discussed above. The result follows.
At the end of this section, we introduce some graph transformations which preserve the nullity. 
Lemma 2.7. Let Γ be a signed graph containing a special path
Proof. Without loss of generality, write A(Γ) as follows, where the first to the fourth rows correspond to the vertices v 1 , v 2 , v 3 , v respectively, and
Taking the second row (column) to act on the fourth row (column) by elementary transformations, we arrive at a matrix:
Evidently M has the same rank as A(Γ), is exactly the adjacency matrix of Γ ′ . The result follows. 
Nullity of bicyclic signed graphs
There are two basic bicyclic graphs: ∞-graph and Θ-graph. An ∞-graph, denoted by ∞(p, q, l), is obtained from two vertex-disjoint cycles C p and C q by connecting one vertex of C p and one of C q with a path P l of length l − 1 (in the case of l = 1, identifying the above two vertices); and a Θ-graph, denoted by Θ(p, q, l), is a union of three internally disjoint paths P p+1 , P q+1 , P l+1 of length p, q, l respectively with common end vertices, where p, q, l ≥ 1 and at most one of them is 1. Observe that any bicyclic graph G is obtained from an ∞-graph or a Θ-graph (possibly) by attaching trees to some of its vertices.
Note that the simple bicyclic graphs (or balanced signed bicyclic graphs) of order n with nullity n − 3 or n− 4 have been characterized in [22] . In this section we will characterize the unbalanced signed bicyclic graphs of order n with nullity n − 3 or n − 3, and the signed bicyclic signed graphs (including simple bicyclic graphs) of order n with nullity n − 5.. Fig. 3 .1, and B contains at least one unbalanced cycle, Fig. 3 .1, and B contains at least one unbalanced cycle, Fig. 3.1 , and the triangle of B is unbalanced and the quadrangle of B is balanced, 
u B = G 12 of Fig. 3.2 , and B contains exactly one unbalanced cycle, Fig. 3.3 , and B contains an unbalanced triangle and a balanced quadrangle, Fig. 3.3 , and B has exactly one unbalanced triangle, Fig. 3.3, and B θ has an edge labeling as in Fig. 3.3 for some sign function θ.
Proof. The sufficiency can be verified by Lemma 2.5, Lemma 2.1, Theorem 2.3, Corollary 2.8 or direct calculations. Now assume η(B) = n − 4. We divide the discussion into cases. Case 1: B contains pendant vertices. Let u be a pendant vertex of B, and let v be the vertex adjacent to u. By Lemma 2.5, η(B) = η(B − u − v) = n − 4. So r(B − u − v) = 2. By Theorem 2.3, B − u − v is a balanced complete graph H together with some isolated vertices. As B is bicyclic, u H is a star, or C 4 or Θ(2, 2, 2). If u H = Θ(2, 2, 2), then u B is G 5 (n) or G 6 (n) of Fig. 3.1 . In this case B is also balanced as H is balanced. So this case cannot occur. If H is a star, then u B is G 1 (n, p, q) or G 2 (n, p, q) of Fig.   3 .1, and B contains at least one unbalanced cycle. If H = C 4 , then u B is G 3 (n) or G 4 (n) of Fig. 3.1 . In addition, if u B = G 3 (n), then the triangle is unbalanced and the quadrangle is balanced; if u B = G 4 (n), then the quadrangle containing no v is balanced and the quadrangles containing v are unbalanced. Case 2: B contains no pendant vertices. First assume that B is an ∞-graph and contains a special path P . Without loss of generality, assume P contains a positive edge and a negative edge. Now contracting the path P into a single vertex, by Corollary 2.8, the resulting graph, denoted by B ′ , is still an ∞-graph, has the same nullity as B, and hence has rank 2. By Theorem 2.3, B
′ is a balanced complete bipartite graph, which is impossible. So B contains no special paths, and u B is one of graphs
, as B is unbalanced, B contains C 3 + P 2 or C 4 + P 2 as an induced subgraph, where C 3 or C 4 is unbalanced. By Lemma 2.1, r(C 3 + P 2 ) = 5, r(C 4 + P 2 ) = 6, a contradiction. So, it suffices to consider the case of u B being one of G 10 , G 11 , G 12 . By a direct calculation, u B = G 12 , and B contains exactly one unbalanced cycle. (1) u B = G 17 of Fig. 3.4 ; Fig. 3.4 , and the two triangles of B have the same balanceness; Fig. 3.4 , and the two triangles of B have the same balanceness; Fig. 3.2 , and B is balanced; Fig. 3.2 , and the two triangles of B have the same balanceness; Fig. 3.3 , and the quadrangle of B is unbalanced; Fig. 3.4 , B θ has an edge labeling as in Fig. 3.4 for some sign function θ.
Proof. The sufficiency can be verified by Lemma 2.5, Lemma 2.1, Theorem 2.4, Corollary 2.8 or direct calculations. Now assume that η(B) = n − 5. We divide the discussion into cases. By Theorem 3.3, we easily get a characterization of simple bicyclic graphs (or balanced bicyclic signed graphs) of order n with nullity n − 5. Fig. 3.2, G 17 , G 18 , G 19 of Fig. 3.4 . 
